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DYNAMIC ANALYSIS OF STRUCTURES W.ITH
UNILATERAL CONSTRAINTS: NUMERICAL INTEGRATION

AND REDUCTION OF STRUCTURAL EQUATIONS

R. Barauskas
Department for Mechanics

Kaunas University of Technology, Lithuania

Di rec t  i n t eg ra t i on  o f  s t r uc tu ra l  equa t i ons  w i t h  un i l a t e ra l

cons t ra i n t s .  Cons ide r  t he  s t r uc tu ra l  equa t i on  o f  mo t i on

CU+KU=R( t )  , ( 1 )

w i t h  t he  cons t ra i n t s  upon  t he  d i sp l acen ren t s

P u s d o  ,  ( ? )

and ,  when  t hey  a re  sa t i s f i ed  aE  an  equa l i t y  PU-d ;O ,  t he  aux i l i a r y

cons t ra i n t s  upon  t he  m  t ime  de r i va t i ves  o f  t he  d i sp l acemen ts  U

are imposed as
( k )

D T I - . t l z - : t h^  
"  

-  
"k  r  r \  -  |  r ru

r . rhere M, C, K of  d i rnension Jfx l l  and P of  d imengion pxn ,  $n,  are

the constant  or  t i rne-dependent matr ices,  and IJ,  R of  d imension

I l x l  -  t he  vec to r s  o f  noda l  d i sp l acemen ts  and  ex te rna l  f o r ces ,  The

phys i ca l  mean ing  o f  t he  cons t ra i n t s  ( ? )  i s  t he  non -pene t ra t i on

cond i t i on  o f  t he  con tac t i ng  su r f aces  i n t o  each  o the r  i n  t he  case

when  t he  pa i r s  e f  poss ib l e  con tac t  po in t s  a re  knosn  ap r i c r r i .  The

cons t ra i n t s  ( 3 )  enab le  t o  r ep resen t  t he  l oca l  impac t  cond i t i on

between the contact ing points in terms of  the impact  rest i t r - r t ion

c o e f f i c i e n t .

Emp loy i ng  t he  Lag range  mu l t i p l i e r s  we  ob ta i n  t he  sys tem

I t

MU+

anr

thr

F n l

va

tir

ou

d u

th ,

th ,

e q l

l o

du

c o

54,

i n

sy

sy

t 3 )

( 4 )

{-u.'

T I  r  I  T T  r  D ' r  -  R  ,v  .  r  , t o

P I T  < d- * o t
( k )

D T T  - . t  l r - T - ;-  ! a  r  r L  -  r t u r  !

o b

d e

fllLt

d e

tro

( tw h e r e  o n l y  n o n n e g a t i v e  v a l u e s  o f  L o  a r e  a l l o w e d .  i . e . .  e a c h  j - t h
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cc'mponent of the Lagrange multiplier vector )r.o is defined as
N

r  =  f  
^ o j " t  ^ o j = o '

o i  
I O  , o t h e r w i s e

{tl
--1

'!,
,.
J.

|,
: ,
?".

and integrate i t  nuaerical ly ipplying a single step scheeie. I f  at
the t ime point t+at t fre second relat ion of (4) is satisf ied as an
equali ty and the third onc! can't  be satisf ied for al l  or scu'|e
values of l t  r  the values of velocit ies, accelerat ions and higher

(  t )
t ihe derivatives U must be corrected.

Assuming that the corrections of the velocit ies are carr ied
out during a very short time interval At" in comparison with the
duration of the integration step and employing the carnot.s
theorem we require that the variation of the kinetic energy of
the system because of introducing a ncl{ constraint should be

equal to the kinetic clnergy of lost velocit ies I auttt t  au . This
loss of energy is caused by the nork done by thea contact forces
during the tirne interval At. . The motion ot the system
correspondg to the mininun value of this Nork, or, what is the
samer to the minimum change of kinetic enrrgy. At the end of the
in te rva l  ( t r t+a t - )  the  cons t ra in t  upon the  ve loc i t ies  o f  thet '

system must be satisf ied, i .e.,  i t  is necessary to solve the
systen

nith the constraint P aU = - f U; q

obta in ing
' 

l.r= (p lft-tpt )-t ( p U-- d, ) ,

au = -  M-.Pt(P M- 'P ' ) - ' (  P U-_ O.)

( k ,
Si.rni lar ly we obtain al l  L* and AU , L j  [ l  for the arbitrary

derivative order [ l  .  The physical meaning of the Lagrange
mul t ip l ie rs  t r r ,  t r r ,  t r r r .  . .  iE  the  normal  impetus ,  fo rces ,
derivatives of forces, etc.,  representing the action of the
constrai.nts upon the structure during the tirne interval
( t, t+at" 1

ri" I autt't au ,
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The  impe t r - r s  o f  t he  cong t ra i n t  f o r ces  i n  g l oba l  coo rd i na tes

du r i ng  t he  t i r ne  i n t e r va l  ( t , t +A t ^ )  i =  de f i ned  as

s r =  -  P t s , o =  -  P t ( P  M - n P t ) - n (  p  u - -  o . )

The  f o r ces  o f  t he  cons t ra i n t s  enab l i ng  t t r  change  t he

acce le ra t i on  va lue  du r i ng  t he  t ime  i n t e r va l  ( t r t +a t " )  a re  de f i ned

Fr=  -  P 'F *=  -  p ' (p  M- 'p ' ) - ' (  p  i i - -  o " )

The  numer i ca r  i n t eg ra t i on  scheme  has  been  ob ta i ned  emp loy i ng

as  a  bag i s  t he  gene ra l i zed  Newmark ' s  scheme ,The  impe tus  o f  t he

no rma l  i n t e rac t i on  f o r ces  S*  du r i ng  t he  t ime  i n t e r va l  equa l  t he

i n teg ra t i on  s tep  A t  a re  app rox ima te l y  ob ta i ned  as

wh€

and

sub

sub

equ!

the

wherr

con t t

and  1

a re  f

o r i g j

denol

s t r uc

wtrer€

o n l y

by co

v ib ro

a  f r e

The  no rma l  f o r ces  Fn '  ensu r i ng  t he  dynam ic  equ i l i b r i u rn  a t  t he

t ime  po in t  t +41 ,  a re  ob ta i ned  as

r t+At
' ' z

t i ons  w i t h  un i l a t e ra l  cong t ra i n t s .

The a,pproach presented belor . l  ig  carr ied nut  by t r r - rncat ing

the  dynam ic  con t r i bu t i ons  o f  t he  h i ghe r  r nodes  o f  t he  l i nea r  pa r t

o f  t he  s t r uc tu re ,  s imu l t aneous ry  t ak i ng  i n t o  accoun t  t he  re rna i -

n i ng  s t r uc tu ra l  comp l i ance  o f  t he  dynam ica l l y  t r r - r nca ted  modes ,

Cons ide r  t he  s t r uc tu ra l  equa t i on  o f  mo t i on  (  1 )  r . r i t h  a

p ropo r t i ona l  damp ing  C  =  eM +  i ?K  By  so l v i ng  t he  e i genp rob lem

1K- . 'M1  U=0

t he re  a re  ob ta i ned  t he  e i gen f requenc ies  ^ i ,  i =Cn  and  t he

e igenvec to r s .  t ha t  a re  t r r de red  as  co ru rnns  o f  t he  ma t r i x  y .  The

presentat ion in modal  coordinates is  carr ied out  by means of  the

sr-rbst i  tut ion

r t  ,  t r ^ t

S. t -*at  = 
J* f  ot  

at  + , t . *A.* z r

r t + A t  -  t r A t
r *  = ^ o  +

Reduc t i on  o f  s t r uc tu ra l



75

l.etes

lF the

Ffined

. ; '

rl,oVine

Ft" the

A' the
:J

.r.!':

g' the

+l. .

1 ! ' \

:\:

U =Y .  z ,

$rhere Z - the general ized (modall  displacelnents of the structure.
( z i

t{e present the vector of sguarer of eigenfrequencies .= lt: I,

and the matrix of eigenvectors as y = [y.ry-],  rheret" i l .
submatrix I. and the subvector ,: .o.r.=poid 

-to 
the oodes

subjected to the dynaoic trurication. After the truncation, the
equation ( l)  nith the constraints (Zl in modal coordinates takes
the form

I 
IT,

t P Y.z .  +  P lzzz  =  do

,

,  ( 5 )

rhere (liS8( ,rr), di88(r11, Oiagtarf;) oenote the diasonal matrices

containing the vectors Fr, of, ano o2, in their nain diagonals,

and the relations diag(rrr){c r., i l iagt.l l=rir r.,diag(ar2r)=ylK yz

are  he ld .

The system (3) is a reduced one in comparison rrith the
rrr iginal equation. The values of the Lagrange rnult ipl iers l ,

denote normal interaction forces produced by constraints upon a
structure. They are obtained as

r (z r )  =  (P  SkPt ) - ' (p  Trz r+  p  SkR -  do)  ,

s* = Yrdirry;(t.7)II = K-'-y.diagt1z,;)rl ,

+ diag( ur, zr + tliag(Gr:) z, = I|.(R - prx)

iliag(oi) z, = lI(R - Prr.1

#t'.=-
'#t"n

,part
nai-

rlt

.&a
,:E
a
.,,j.,
'

:

{rt*

o-t*
1 :

va.
,*

nhere

only nonnegative values L.!O being al lorred.

The numerical examples i l lustrate the presented techniques

by considering free longitudinal impact vihrat ions of a b€am
vibroconver:ter ernploying ful l  and reduced structural models, and
a free motion of a vibrodrive,


